Twisted orbifold Gromov-Witten invariants 



Valentin Tonita 

Abstract 

Let X he a smooth Deligne-Mumford stack over C. One can de- 
fine twisted orbifold Gromov-Witten invariants of X by considering 
multiplicative invertible characteristic classes of various bundles on 
the moduli spaces of stable maps Xg^n,d, cupping them with evalua- 
tion and cotangent line classes and then integrating against the virtual 
fundamental class. These are more general than the twisted invariants 
introduced in |TSj . We express the generating series of the twisted in- 
variants in terms of the generating series of the untwisted ones. We 
derive the corollaries which are used in the paper \GT\ on the quantum 
K-theory of a complex manifold X. 
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1 Introduction and statement of results 

Twisted Gromov-Witten invariants have been introduced in |CGj for mani- 
fold target spaces and extended by |TSj to the case of orbifolds. The original 
motivation was to express Gromov-Witten invariants of complete intersec- 
tions (the "twisted" ones) in terms of the GW invariants of the ambient 
space (the untwisted ones). In addition they were used in [C] to express 
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Gromov-Witten invariants with values in cobordism in terms of cohomolog- 
ical Gromov-Witten invariants. 

Our results incorporate and generalize all of the above: we consider three 
types of twisting classes. These are multiplicative cohomological classes of 
bundles of the form ir^^E, where vr is the universal family of the moduli space 
of stable maps to an orbifold X. The main tool in the computations is the 
Grothendieck-Riemann-Roch theorem for stacks of |TN] , applied to the mor- 
phism vr: this gives differential equations satisfied by the generating functions 
of the twisted GW invariants. To the Gromov-Witten potential of an orbifold 
X one can associate an overruled Lagrangian cone in a symplectic space H - 
as explained in Section 2. Solving the differential equations for each type of 
twisting has an interpretation in terms of the geometry of the cone: change 
its position by a symplectic transformation, translation of the origin and a 
change of polarization of H. Our motivation comes from studying the quan- 
tum K-theory of a manifold X (see |GT] ). more precisely trying to express 
Euler characteristics on the (virtual) orbifolds ^3,n,d in terms of cohomolog- 
ical Gromov-Witten invariants. However they have other applications - for 
instance recovering the work of [C] on quantum extraordinary cohomology. 

In |TLj . Teleman studies a group action on 2 dimensional quantum field 
theories. Our results match his, if the field theories come from Gromov- 
Witten theory. 

Let A* be a compact orbifold. Moduli spaces of orbimaps to orbifolds 
have been constructed by |GRlj in the setup of symplectic orbifolds and by 
|AGV2j in the context of Deligne-Mumford stacks. Informally, the domain 
curve is allowed to have nontrivial orbifold structure at the marked points 
and nodes. We denote the moduli spaces of degree d maps of genus g with n 
marked points by Xg^n,d- 

Just like in the case of manifold target spaces, there are evaluation maps 
evi at the marked points. Although it is clear how these maps are defined 
on geometric points, it turns out that to have well-defined morphisms of 
Deligne-Mumford stacks the target of the evaluation maps is the rigidified 
inertia stack of X. We first define a related object, the inertia stack IX, as 
follows: around any point x & X there is a local chart {Ux,Gx) such that 
locally X is represented as the quotient of f4 by G^- Consider the set of 
conjugacy classes (1) = (hi), {h-D, . . ., (/i""") in Gr^. Define: 

IX ■.= {ix,{hi) I 2 = l,2,...,nJ. 

Pick an element h^. in each conjugacy class. Then a local chart on IX is 
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given by: 



1=1 

where Zc^ihl) is the centrahzer of hi. in Gx- 

The rigidificd inertia stack, which we denote IX, is defined by taking the 
quotient at {x, (g)) of the automorphism group by the cychc subgroup gener- 
ated by g. So, whereas a local chart at {x, {g}) on IX is given by Ug/Zc^ig), 
on IX a local chart is Ug/[ZG^{g) / {g)]- It is in general disconnected, even if 
X is connected. We write IX := X^. We denote by c : IX IX the 
involution which maps {x, {g)) to {x, {g^^))- It descends to an involution on 
IX, which we also denote l. We write X^^i :— l{X^). 

The orbifold Poincare pairing on IX is defined for a e H*(X^,C) , b e 
H*{Xi,i,C) as: 

(a, b)orb ■= i*b. 

IX and IX have the same geometric points (coarse spaces), hence we can 
identify the rings H*{IX, C) and H*{IX, C). We consider the cohomological 
puUbacks by the maps evi having domain H*(IX,C). We denote by: 

Xg,n,d,{^^,,...,^,„) — ^g,n,d H {evi)-\X^^) n . . . n {eVn)~\X^J 

the connected components of the moduli spaces Xg^n,d- 

For each i we denote by V'i = Ci(Lj), where the line bundle Lj has fiber 
over each point {C,xi, . . . , x„, /) the cotangent line to the coarse space C at 

We denote the universal family by tt : Ug^n,d '^g,n,d- ^g,n,d can be 
identified with Li^n^^,„^^^)Xg^n+i,d,ii^i,...,nnfl)- The moduh spaces Xg^ri,d have 
perfect obstruction theory and are equipped with virtual fundamental classes 
['^g.n.d] ^ H^:{Xg^n,d,Q.)- Orbifold Gromov-witten invariants are obtained by 
integrating ip^ and evaluation classes on these cycles. We use correlator 
notation: 

P n 

\ / 9,n,d J[A'g,„,d] 

The following generating series are called the genus g potential, respectively 
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the total potential: 



g,n,d ' 



d,n 

\g>0 J 



They are functions on a suitable infinite dimensional vector space H, 
which we describe below. Let C[[(5]] be the Novikov ring which is a com- 
pletion of the semigroup ring of degrees of holomorphic curves in X and 
let: 

n:=C[[Q]](S)H*{IXX)iiz)). 
We equip "H with the symplectic form: 

fi(f,g):= / (f(^),g(-^)Urfz. 

Jz=0 

Consider the following polarization of H: 

H+ := H*{IXX)M] and H- := z'^H*{IX ,C)[z'\ 

Let A be the completion of the semigroup of the Mori cone of X . Then Vx 
is a well defined formal function on l-L^ taking values in A ® C[[/i, h~^\\. 

"Twisted Gromov-Witten invariants" are obtained from the usual ones 
by systematically inserting in the correlators multiplicative classes of certain 
bundles. We first describe the result of [TS J on twisted orbifold GW invari- 
ants, and then explain our generalizations. Let E G K^{X)^ let a general 
multiplicative class be 



A{E) = exp ^ SkchkE | . 

\fc>o / 



More precisely let Eg^n,d '■= '^*{^'v^+iE) G K^{Xg^n,d) and let the twisted 
genus potential be: 

n,d 

where the insert of the multiplicative class in the correlators means we cup 
it with the integrand. One can then define the total potential P_4. Let 

n-^ ■.= 'H^C[[so,si,...]]. 
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The "twisted" Poincare pairing on 7/-^ is defined for a G H*{IXfj), b G 
H*{IX^i) as: 



h)A= [ a-i*h-A{{q*E)„, 



wfiere q : IX — )■ A" is tlie map (x, {g)) x and {q*E)inv is tlie invariant part 
of q*E under tlie g action. 
Tlie symplectic form on "H-^ is: 

nA{i,s)= i {i{z),g{-z))^. 

Jz=0 

The polarization: 

:= H*{X,K)[[z]], H-^ := H* {X , A)[z~'] 

realizes as T*n^. Then is a function on T-L-^ of q(2;) = t(z) — z and 
its graph: 

^A-={{p,q) I p = dciJ^^} 

is an overruled Lagrangian cone. We identify y,"^ with 7i via the symplecto- 
morphism: 

X ^ x^/A{{q*E)inv). 
Using this, we can view J-'j^ as a function on "H^, and £_4 as a section of 

Theorem( |TSj ) 1.1. The cone Cj^ is obtained from after a rotation by 
a symplectic transformation A: 

A is defined as follows: 

/\:=exp\^sA^ + 



,k>0 \m>0 



where at its turn are operators of ordinary multiplication by certain 
elements A^ G H*{IX). To define A^ we introduce more notation: let 
be the order of each element in the conjugacy class which is labeled by X^. 
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The restriction of the bundle E to A"^ decomposes into characters : let Ey 
be the subbundle on which every element of the conjugacy class acts with 
eigen value e^'^'^/^'*. Then: 




Rerricirk 1.2. The decomposition: 

is preserved by the action of this loop group element. acts by cup product 
multiplication on each 

We generalize the above theorem by considering three types of twistings, 
each by several different multiplicative characteristic classes: 

• twistings by a finite number of multiplicative index classes Aa as in 
Tseng's theorem. 

• twistings by classes Bp (kappa classes) of the form: 

where fp are polynomials with coefficients in K^{X). 

• twistings by nodal classes Cs of the form: 

fi S=l 

where G K^{X). The extra index /i keeps track of the orbifold type 
of the node. More precisely, we denote by the node where the map 
ev+ lands in A"^ and by the corresponding inclusion — > Ug^n,d- 
Hence we allow different types of twistings localized near the loci 2^^. 

We will refer to these as type A, B, C twistings respectively. 

One can define the twisted potentials J\4ec' T^a,b,c- We describe the 
effect of these twistings on the potential in terms of the geometry of the 
corresponding cones £^,s,c- 

The first generalization we propose is rather straightforward - we allow 
type A twistings by an arbitrary finite number of different multiplicative 
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classes Aa- Slightly abusively, we keep the notation Ti-^ etc. Denote 
by A„ the loop group transformation obtained from via the procedure 
described previously. Then after a suitable identification of 'H'^ with Ti (given 
by rescaling): 

Theorem 1.3. The cone 



Remark 1.4. The theorem can be extended to a statement about the total 
descendant potential using the quantization formalism of |G2j . It reads: 



where A denotes the quantization of the operator A and the symbol ~ means 
the two sides are equal up to a (precisely determined) scalar factor. 

Let now be a line bundle with first chern class z. 

Theorem 1.5. The twisting by the classes Bg^n,d has the same effect as a 
translation on the Fock space: 

v^Mt) = v^, (t + ^- ^flB, . (1.1) 

A similar result for manifold target spaces is in the paper |KKj . 
The type C twisting doesn't move the cone, but changes the polarization 
of Ti. For each /i let the series Ufj,{z) be defined by: 

f[C^{{q*Fs,),^{-L^.)). 



Moreover define Laurent series f fc^^, = 0, 1, 2, . . . by: 

where we expand the left hand side in the region where \x\ < \y\ . 

Theorem 1.6. The type C twisting is tantamount to considering the potential 
V_A,B o,s a generating function with respect to the new polarization Ti = 71+ © 
T-i-fi, where T-i^ is the same, hut l-L-fi = (Bh'H'^q and each "H^ ^ is spanned 
by {'^a,fiVk,tMiu{z))} where {fa,fi} runs over a basis of H*{X^,'C) and k runs 
from to oo. 
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The rest of the paper is structured as follows. Section 2 is used to intro- 
duce the main objects of study: the moduli spaces Xg^n,d and their Gromov- 
Witten theory, the symplectic space H, the (twisted and untwisted) Gromov- 
Witten potentials. Section 3 contains the technical results which are the core 
of the computations - mainly how the twisting cohomological classes puUback 
on the universal family and the locus of nodes. We are now ready to prove 
the Theorems 1.3[ 1.5 and L6 - which we do in Section 4. In section 5 we 



use the results to give a new proof of the fake quantum Hirzebruch-Riemann- 
Roch theorem. This was done in [U] by a very long calculation. In Section 
6 we extract the corollaries which are used in the paper jGTj on quantum 
K-theory. Finally, in the appendix we state Toen's Grothendieck-Riemann 
Roch theorem for stacks, which applied to the universal family is the starting 
point in the computation. 

Acknowledgments. I would like to thank Alexander Givental for sug- 
gesting the problem as a tool for the work in |GT] and to Tom Coates and 
Hsian-Hua Tseng for useful discussions. 



2 Orbifold Gromov-Witten theory 

Throughout this paper, X will be a proper smooth complex orbifold. 

We now recall the definitions of orbicurve and of orbifold stable maps of 
|CR1] and |AG V2] . The idea to extend the definition of a stable map to 
an orbifold target space is quite natural. One then notices that in order to 
obtain compact moduli spaces parametrizing these objects one has to allow 
orbifold structure on the domain curve at the nodes and marked points (see 
e.g. 0). 

Definition 2.1. A nodal n-pointed orbicurve {C,xi,X2, ■ ■ ■ ,Xn) is a nodal 
marked complex curve such that 

• C has trivial orbifold structure on the complement of the marked points 
and nodes. 

• Locally near a marked point, C is isomorphic to [Spec C[2;]/Zr], for 
some r, and the generator of acts hy z ^ (z, C" = 1- 

• Locally near a node, C is isomorphic to [Spec {C[z,w]/{zw)) /Z^], and 
the generator of Zr acts by z i— j- (z, w i— )■ (~^w. We call this action 
balanced at the node. 

We now define twisted stable maps: 



8 



Definition 2.2. An n-pointed, genus g, degree d orbifold stable map is a 
representable morphism f : C ^ X , whose domain is an n-pointed genus 
g orbicurve C such that the induced morphism of the coarse moduli spaces 
C X is a stable map of degree d. 

We denote the moduli space parametrizing n-pointed, genus g, degree d 
orbifold stable maps by Xg,n,d- It is proved in |AVj that Xg^n,d is a proper 
Deligne-Mumford stack. Just like the case of stable maps to manifolds, there 
are evaluation maps at the marked points, but these land naturally in the 
rigidified inertia orbifold of X, which we denote IX. 

Example 2.3. If A" is a global quotient Y/G then the strata of IX are 
Y3/CG{g) and of JX are X^g) := Y^/C^. where = Cg(^)/(^) for 

each conjugacy class {g) G G. 

See |AGVlj and |AGV2] for the definition of IX in the category of stacks. 
The connected components of Xg^n,d are Xg^n,d,{^l^_,...,^ln)1 where: 

'^5,n,d,(Mi,...,/.„) := ^g,n,d n (eI;i)~^(A'^J n . . . H (eI;„)-^(A'^J. 

Since we work with cohomology with complex coefficients we consider the 
cohomological pullbacks by the maps evi having domain H*{IX IX 
and IX have the same coarse spaces, which implies that both spaces have 
the same cohomology rings with rational coefficients. In fact there is a map 
n : IX — >■ /A", which maps a point (x, [g)) to (x, {jj))- If is the order of 
the automorphism group of Xj, then define: 

ev* : H*{IXX) ^ H*{Xg^n4X), 

Notice that if a marked point Xi has trivial orbifold structure, eVi lands in 
the distinguished component Xq of IX . The universal family can be therefore 
identified with the diagram: 

Ug,n,d '■= '^{^J.x,■■■,^J.n)'^g,n+l,d,{^|■l,...,^^„fl) > ^ 

^g,n,d 

In the universal family lAg^n.d lies the divisor of the i-th marked point 
Di. its points parametrize maps whose domain has a distinguished node 
separating two orbicurves Co and C\. C\ is isomorphic to CP^ and carries 
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only three special points: the node, the i-th marked point and the (n + l)-st 
marked point and is mapped with degree to X. We write: 

T^i,{fj,i,...,fin) '■= T^i l~l '^g,n+l,d,(Ati,...,/i„,0)- 

We denote by (jj the corresponding inclusions. 

Let Z be the locus of nodes in the universal family. It has codimension 
two in Ug^n,d- Denote hy p : Z ^ Z the double cover over Z given by a 
choice of +, — at the node. For the inclusion of a stratum: 

'^gi,ni+l,(ii X/A" '^0,3,0 ^IX ^g2,n2 + l,d2 Z ^ Xg^n+l,d 

we will denote by by pi {i = 1, 2) the projections: 
Pi ■ Xg^ 

,ni + l,di ^IX '^0,3,0 X/A" '^92, "2+1, (^2 

We denote z^" ^Z'^'^'^ the loci of nonseparating nodes, respectively sepa- 
rating nodes and i^^^^i^'^'^ for the inclusion maps. Moreover we will need to 
keep track of the orbifold structure of the node. We denote by the locus 
of nodes where the evaluation map at one branch lands in X^. We denote 
by the corresponding inclusions. 

The moduli spaces Xg^n,d have perfect obstruction theory (see |BF] ). This 
yields virtual fundamental classes: 

['^g.n.d] G H^:{Xg^n,d,Q)- 

We define ip^, ipi to be the first Chern classes of line bundles whose fibers 
over each point (C, xi, . . . , x^, /) are the cotangent spaces at Xi to the coarse 
curve C, respectively to C. If is the order of the automorphism group of 
Xi then = Tiipi. 

GW invariants are obtained by intersecting ip and evaluation classes 
against the virtual fundamental class. We write: 




Remark 2.4. The moduli spaces Xg^n^^ as well as the evaluation maps, 
differ from those considered in jTSj . However the Gromov-Witten invariants 
agree, since integration in |TS] is done over a weighted virtual fundamental 
class. 
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Let C[[(5]] be the Novikov ring which is the formal power series completion 
of the semigroup ring of degrees of holomorphic curves in X. For more on 
Novikov rings see |MSj . We define the ground ring A := C[[Q]] and: 

n:=H*iIX,A)i{z)). 

We endow H with the symplectic form: 

fi(f,g):= / (f(^),g(-^)Udz. 

Jz=0 

The following polarization of "H: 

identifies Ti with T*'H^. We introduce Darboux coordinates on T-L 

and we write: 

a, a 

We equip "H with the Q-adic topology. Let: 

t{z) :=to + tiZ + --- e H*{IX,C)M]. 
Then the genus g, respectively total potential are defined to be: 

d,n 

\g>0 J 

For t{z) e we call the translation q{z) := t{z) — Iz the dilaton shift. 
We regard the total descendant potential as a formal function on T-L^ taking 
values in C[[Q, h, h~^]]. 

The graph of the differential of J^^ defines a formal germ of a Lagrangian 
submanifold of H: 

C"" ■.= {{p,q),p = d^J^^}e'H. 
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Theorem 2.5. ( jGl] )£'^ is (the formal germ of) a Lagrangian cone with 
vertex at the shifted origin —Iz such that each tangent space T is tangent to 
exactly along zT . 



The class of cones satisfying properties of Theorem 2.5| is preserved under 



the action of symplectic transformations on "H which commute with multiph- 
cation by z. We call these symplectomorphisms loop group elements. They 
are matrix valued Laurent series in z: 

S{Z) = Y,S^Z\ 

where Si G End {H*{IX) A). Being a symplectomorphism amounts to: 

Siz)S*i-z) = I, 

where / is the identity matrix and S* is the adjoint transpose of S. Differen- 
tiating the relation above at the identity, we see that infinitesimal loop group 
elements R satisfy: 

R{z) + R*{-z) = 0. 

We now introduce twisted Gromov-Witten invariants. 
For a bundle E we will denote by A{E), B{E), C{E) general multiplicative 
classes of E. These are of the form: 



exp ^Skchk{E) 



,k>0 



We then define the classes Ag^n,d, Bg,n,d,Cg,n,d £ H*{Xg n4) as products of 
different multiplicative classes of bundles: 



i3,,M = nS;,(vr.(/^(L;|J-/^(l))) 



/3=1 

fJL 5=1 

Here fi are polynomials with coefficients in K^{X)., the bundles Ea,Fs^ 
are elements of K^{X). To keep notation simple we write: 

0g,n,d • •Ag^n,d ' Bg,n,d ' Cg,n,d- 
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'Twisted" Gromov-Witten invariants are: 



„ n 

Their generating series is the twisted potential 'Da,b,c '■ 

d,n 

a 

We view 'Da,b,c as a formal function on 'H'^'^''^ . 

The symplectic vector space {'H-^'^''-' ,Qa,b,c) is defined as 'H'^'^''' = "H, 
but with a different symplectic form : 

f^AB,c(f,g) := f {i{z),g{-z))Adz 

Jz=0 

where ( , )_4 is the twisted pairing given for a, 6 G H*{IX) by: 

(a, 6)^ := (a, 6, 1; 6)0,3,0- 

Remark 2.6. We briefly discuss the case {g,n,d) = (0,3,0). According 
to |AGVlj in this case the evaluation maps lift to evi : ^"0,3,0 — ?■ IX. The 
spaces '-fo,3,o,(Ati,/x2,o) are empty unless /i2 = ;u(, in which case they can be 
identified with A'^^, with the evaluation maps being evi = id : — )■ A'^j, 
ev2 = L : — A"^/ and ev^ is the inclusion of in A'. 

Remark 2.7. Notice that on A<i,3,o there are no twistings of type B (the 
corresponding push-forwards are trivial for dimensional reasons) and of type 
C (there are no nodal curves). That's why the twisted pairing only depends 
on the A classes. 

According to the previous two remarks we can rewrite the pairing as: 



(a, 6)^ : 

There is a rescaling map: 



/ a-L*h-T\Ao.{{q*E^ 

a. \\\_Aa{{q*Ea)inv) 
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which identifies the symplectic spaces. We denote by Va,b the potential 
twisted only by classes of type A, B etc. and by: 



g,n,a 



3 Technical prerequisites 

The computations in the proof of the theorems rely on pulling back the 
correlators on the universal orbicurve and on the locus of nodes. Hence we 
need to know how the classes Og,n,d behave under such pullbacks. The reader 
can skip this (unavoidably technical) section. The result which we'll use in 
the proofs of the theorems is: 

Proposition 3.1. The following equalities hold: 



['^g,n,d\ — [^g,n+l,d\ 



is 
13=1 



ML-' 



+1^ 



Ml) 



+ 



14 



itw 



-ev. 



n+l 



, 5=1 



2. 



3. 



~\tw 



g,n+l,d\ 



n^,^ {-ev:^,{Fs,)^^,.0^^^) - 1 . (3.1) 



.5=1 
tw 



gi,ni+l,di 



■MX, 



g2,n2+l,d2\ 



(e< X evl)A,, Uti^^ iirFs,),) ® {L+L_ - 1)) 



[71 O Z 



g-l,n+2,d\ 



{evlxev*_)A,. UtiCniq^F, 



(L+L^ - 1)) 



(3.2) 



(3.3) 



Proof: all the equalities follow from the corresponding statements about 
the classes A, B, C separatedly, which we'll state and prove below. Formula 

(3.1) follows from (3.5), (3.8), (3.31) combined with some more cancelation: 
namely the terms in (3.31) supported on Vj and Z are killed by the correc- 
tion factor in (3.8) which is of the form 1 + ipn+i ■ •••• The untwisted virtual 
fundamental classes satisfy 7!'*[Xg^n,d] = ['^g,n+i,d]- 

(3.2) and (3.3) follow from the corresponding Lemmata 3.3, 3.4 and 3.9 for 
each of the classes Ag^n,d, ^g,n,d and Cg^n,d combined with the splitting ax- 
iom in orbifold Gromov-Witten theory for the untwisted fundamental classes 
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['^g.n.d], which we briefly review below. Let ^^^n be the stack of genus g 
twisted curves with n marked points. There is a natural map: 



g\:^'^ig,;n,\g2,n2)-^m: 



tw 
9,n 



induced by gluing two family of twisted curves into a reducible curve with 
a distinguished node. Here ni|(725 "^2) is defined as in Section 5.1 of 

|AGV2] . This induces a cartesian diagram: 



^''"{9i\ni\g2,n2) 
There is a natural map: 



g,n,d 



g,n 



d\+d2=d 



Then the diagram: 



'^gi,ni+l,di ^IX '^g2,n2 + l,d2 ^ ^ 



^gi,ni- 



X X, 



52, "2+1,^2 



IX 

A 

^ IX X IX 



gives: 



(3.4) 



di+d2=d 



For details and proofs of the statements we refer the reader to the paper 
of |AGV2j (Prop. 5.3.1.) . The only modification we have made is - we 
consider the class of the diagonal with respect to the twisted pairing on 



IX = A'o,3,o,(Ati,/i2,o)- This cancels the factor ev^ (^0,3,0) in (3.2) and (3.3) 



Roughly speaking relation (3.4) says that the restriction of the virtual fun- 



damental class of Xg^n,d to Z coincides with the push forward of the product 
of virtual fundamental classes under the gluing morphisms. Hence integra- 
tion on Z factors "nicely" as products of integrals on the two separate moduli 
spaces. 

The rest of the section is devoted to proving pullback results about each 
type of twisting class separately. 
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Lemma 3.2. Consider the following diagram: 



X, 



g,n+o+»,(i,(/^i,...,/i„,0,0) 

7r2 



g,n+»,d,{iii,...,iin,0) 

7!"2 



g,n+o,d,(/xi,...,^„,0) 



where tti forgets the {n+l)-st marked point (which I denoted o ) and tt2 forgets 
the (n + 2)-nd marked point (denoted •) and let a G {Xg^n+o,d,{^l^,...,^l„,Q)) ■ 
Then vTgvri^a = 7ri*7r2a. 

Proof: for symplicity of notation we suppress the labeling (/xi, . . . , in 
the proof. Consider the fiber product: 

and denote by Pi,P2 the projections from J-" to the factors and by (f : 
Xg^n+o+m,d the morphism induced by 711,112 ■ is a birational map: it 

has positive dimensional fibers along the locus where the two extra marked 
points hit another marked point or a node. We'll prove that 



By definition of if-theoretic push-forward 



X. 



It is easy to see that „+o+. d) = as quasicoherent sheaves (this is 

true for every proper birational map with normal target). We only have to 
prove that B} = 0, which we do by looking at the stalks: 



g ,n-\-o-^% 



If the fiber over x is a point, there's nothing to prove. If x is in the blowup 
locus the fiber is a (possibly weighted ) P^. A calculation in |AGV2j shows 
that : 



9, 



where g is the arithmetic genus of C. Hence H^{ip ^{x), O) = . We have 
PuP2(y = n'^T^i^a because the diagram: 



J" 



PI 



P2 



g,n+»,ii,(/xi,...,/j„,0) 
7r2 



'^g,n+o,d,{fj.i,...,^„fi) ^ '^g,n,d,{t^i,...,^i„) 
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is a fiber square. Therefore: 

We need to know liow the classes Ag^n,d, Bg,n,d, Cg,n,d behave under pull- 
back by the morphisms vr and tc o i o p. 

Proposition 3.3. The following identities hold: 

a. n*Ag^n,d = Ag^n+i,d- (3.5) 

ev^A.o,3fl 

c. [not o p) Ag,n,d = • (3.7) 

ef A>*-0,3,0 



These are proved in |TS] . Denote by Eg^n,d '■= '^*ie^Vn+i^) ■ Then he 
shows that: 

a. 7r*Eg^n,d = Eg^n+l,dj 

b. (tT O r^'^ O p)*Eg^n,d = P*i{Eg^^ni+l,di) + ^2 (-^92,n2+l,d2 ) " eV*^{q* Einv) , 
C. (tT O e'''' O pyEg^n,d = Eg_i^n+2,d " eV*^{q* Einv) ■ 

The identities then follow by multiplicativity of the classes Aa- We regard 
the class ^0,3,0 as an element of H*{IX, Q). We can then pull it back by the 
diagonal evaluation morphism ef a at the node. 

Proposition 3.4. The following hold: 

a. vr*i3,,„,. = S,,„+M ■ n [-M^Sll^Ml . (3.8) 

h. (tT O f""^ O p)*Bg^n,d = plBg,^n,+l,di " P2^92,n2+l,d2 ■ (3-9) 
C. (tT O O pTBg^n^d = Vl,n+2,d- (3-10) 



Proof: The first identity is a consequence of Lemma 3.2 . More precisely 
we apply the lemma to the class a = ev^_^_^{E){Ln+i — 1)''^^. This gives: 

TT^TTi. [e<^_i(E)(L„+i - 1)^+1) = TTun; (e<+i(E)(L„+i - 1)'+'] = 
= nu [e<+i(E)(L„+i - 1)'^+^ - (a.)* (e<+i(i?)(L„+i - 1)'=)] = 
= TTu {evl^m{Ln+i - If^') - e<+,(E)(L„+i - 1)^ 
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The last equality follows because tti o a, = Id and the second equality uses 
the comparison identity for cotangent line bundles Lf. 

7r*((L, - 1)'+') = (L, - 1)^+1 - a„ [(L, - 1)'=] . 

But both morphisms tti, 712 can be identified with the universal orbicurve tt. 
Hence we deduce: 

-e<+l(E)(W-l)^ (3.11) 

or more generally if we expand 



fe>0 



then: 



^*MML-U) - Ml)) = TrMpiL-U) - /.(I)) - ^"^V^^ f"^^^ - (3.12) 



Then (3.8) follows because Bjs are multiplicative classes: 

7r*i3^ (vr.(/;3(I^;|i) - Ml))) = Bp (7r*7r.(^(L;| J - /^(l))) 



S4vr.(/^(L;|2)-//3(1)) 



/^(L^ji) - /^(l) 



S;3(vr.(/^(L^|2)-//3(l)))-i5^ 



n+l 



1 J 



Example 3.5. In the case fjs = ef *_,_^(i?;3) ® (which is the only one 
we'll need) we have: 



ffs{L-l,) - Ml) 



and relation (3.8) reads: 



(3.13) 



Relation ( |3.9 ) follows from the identity: 

(vrov,,)*[7r,(/(L;|i)-/(l))] = 

=pl[Mf{L-l^2) - /(I))] +P;[vr*(/(^-V2) - /(I))], 
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which we prove below. By hnearity is enough to prove the result for / 
- for k>0. Relation (|3.1l|) gives: 



n+l 



= 7r,(L„+2 - 1) 



k+l 



n+l 



if. 



(3.14) 



Assume for now that A; > 1. When we apply p*ilf.d ^^^^ relation the 
second summand in the RHS of (3.14) vanishes because L^+i is trivial on Z. 
Therefore 



P Ved^r 7r,(L„+i - 1 



(W op)*7r*(-^^n+2 - 1) 



fc+1 



Let x/;f ^"0,3,0 X/AT ^g2,n2+i42 be a stratum of Z. If we denote by 

^ • ^g,n,d ^ ^9,n,rf ^^le Universal curve then we have a fiber diagram: 



'^gi,ni + l4i X/AT '^0,3,0 X /A" '^g2,n2+l,d2 



U, 



g,n,a 



Here Zi and are the universal curves over the factors Xg^^ni+i,di and 
^g2,n2+i,d2- So using 

we see that the contribution of the strata Zi and Z^ above is: 

- /(I))] +Pl[^*mnl+2) - /(I))]- 



(3.15) 



(3.16) 



So if we show that the contribution from Z2 is we are done. Notice that 
Z2 is the universal curve over the factor ^^0,3,0; hence it is a fiberproduct 
Xgi,m+i,di X/Af ^^0,4,0 Xix ^g2,n2+i,d2 ■ The fibers of the map Z2 ^ Z are 
(weighted) P^. However the class L is a cotangent line at a point with trivial 
orbifold structure, so we can use Y.P.Lee's formula in |L1] which in this 
particular case reads: 



x(Mo,4,Lf) = fc + l. 



(3.17) 



Hence the Euler characteristics of {Ln+2 — 1)'^^^ is: 

fc+i 

X (Mo,4, (L„+2 - 1)^^+^) = Y.(' + 

1=0 

= j:i-ir'-' t ') + + 1) j:i-^r'-' C ! 1) = + = 0- 

1=0 ^ ^ i=l ^ ^ 



k + l 

i 
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This almost proves the statement. We are left with the case k = 0, which is 
slightly different: the sum above equals 1, but this is cancelled by the —1 in 



the second term of (3.14). Relation (3.9) follows then from the multiplica- 



tivity of the classes Bj3. A similar computation shows relation (3.10). 
Lemma 3.6. Let F e K^{X). Then: 

a. 7r*7r,v(e<+i(F) ® C^J = 7r,v(e<+i(F) ® C^J- 

J2 e<+i(F) ® a.^Or,^ - t ,.{evl_,,{F) ® O^J. (3.18) 

h. (7ro«op)*(7r,v(e<+i(F)®02j =p*(7r*V*(e<+i(i^)®02j) + 
p;(7r,z^,(e<+i(F) ® Oz,)) + (e<+iF ® (1 - L+L_)) . (3.19) 

Remark 3.7. Before delving in the technicalities of the proof, we try a 
heuristic explanation of why the formulae, which look rather ugly, "should" 
be true: 

• Assume for now that F is the trivial bundle C. The nodal locus Z 
"separates nodes" in the following sense: above a point of Xg^n4 repre- 
senting a nodal curve with k nodes lie exactly k points of Z. This is 
very similar with the way the normalisation of a nodal curve C ^ C 
separates the nodes. But the structure sheaves of C and C differ (in K- 
theory) by skyscraper sheaves at the preimages of nodes. That's pretty 
much what the first formula expresses: the pull-back of the structure 
sheaf of the codimension one stratum of nodal curves in Xg^n,d equals 
the structure sheaf of the nodal locus in the universal family, minus 
a copy of the structure sheaf of Z (which has codimension two in the 
universal family) itself. The terms supported on the divisors Dj are 
substracted because they are nodes in the universal family, but they 
lie over the whole space Xg^n,d- We'll see that the presence of the class 
ef*_,_i(-F) doesn't complicate things too much. 

• For the second formula, think of 7r*i^*a; as a class supported on a codi- 
mension one subvariety. We pull it back along the map (vri) , which is 
like restricting to another codimension one subvariety. If these subvari- 
esties intersect along a codimension two cycle (represented by curves 



with two nodes), then they contribute pl{i^*i^*a) to (3.19). If they are 
the same subvariety, then a gets multiplied with the Euler class of the 
normal bundle of it in the ambient space, which is 1 — L^L_. 



Proof of Lemma 3.6: Denote by 2,, Zo-, respectively Z,o the nodal loci 
living inside the corresponding moduli spaces (and by Zo^^j, etc. the ones with 



20 




nodes of specific orbifold type) in the following diagram (we write fi for the 
sequence (/ii, . . . , /i„)): 



Remember that Zo^^ is defined as the total range of the gluing map (we ignore 
the stratum corresponding to selfintersecting nodes): 

'^gi,ni + l,di ^X^,xX^i ^^0,3,0 ^X^^xX^i '^92,^2+1,^2 — >" '^g,n+o,d- 

We will compute nlijiui^^^evl^F) ® Ozo.^))- The square on the left is a fiber 
diagram, hence i^vTg = VTgi*. For the one on the right we have proved that 
7i"2^i* = VTi^TTg. Therefore: 

7r;(7ri,v(e<+i(i^) ® Oz^J) = 7ri,v*^;(e<(i^) ® Oz^J). (3.20) 

But: 
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The space -k^ (^o,^) := ^0,1 U Zq^2 U ^0,3 is a singular space, where each 
codimension two stratum is the universal curve over one factor of Z^^y, and 
they intersect along two codimension three strata, call them Zyi and ^23: 



Zx2 — Xg^^ni+l,di X ^^0,3,0 ^ '^0,3,0 ^ '^g2,n2+l,d2 

where the two rational components carry the points •, c 
Figure 1 schematically represents each of these five strata. 



and two nodes. 



We can write the structure sheaf of tto ^(Zo , 



O 



2o.l + C'^o.a + ^Zo.2 



as: 



O 



Z21, ■ 



''2 (^o,m) 

We tensor this with the class ef*F, keeping in mind that on the strata 
2^0,2,^12,^23 et;o = et;,: 



Ozr2 - Oz,,] . 

(3.21) 



We plug (3.21) in (3.20) and we get: 



vr2*(vri*v(et;:(F) ® = 

= TTi.v* [evlF {Oz^^, + OzJ + evlF {Oz^^, - Oz,, - Oz,,)] ■ (3.22) 

We now notice that the union of Zo,i and Zo^s is almost Z,o,ii but not 
quite. There are strata: 

which are in Z,o,f_i, but they are missing from Zo^iUZo^s because the map vr2oi^ 
contracts one rational tail. These are mapped by tti o isomorphically to 
divisors Vj G Xg^n+»,d- There is one such stratum for each j such that fij = fj,. 
Hence we can write: 



fi* 



[evlFOz^^, + evlFOz^^,] == 7ri,v*(e<(i^) ® Oz,)- 



(3.23) 



The codimension three strata Z12 and ^23 are mapped by vrii^ isomorphically 
to Z,^^. As for 2o,2, this is a fibration over Z,^^. When we push forward, 
we integrate the structure sheaf of (weighted) P^. This equals 1, as already 
explained. At the end of the day we see that the last three terms in (3.22) 
contribute: 



TTuV, [evlF {Oz^^, - Oz,, - = -evlF ® 

Adding up (3.23) with (3.24) and identifying tti = tt2 
proves the first equality in the lemma. 
For the second equality, we first prove: 



^ti*^Z.,^ 



(3.24) 

vr and tVo = eVn+i 
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Lemma 3.8. Let j : Z ^ Ug^n.d be the codimension two nodal locus. Then: 
+ p*27r,v* (e<+iF ® Oz,) + (2 - L+ - L_)e<+i(F). 



(3.25) 



Proof of the Lemma 3.8 let Wg^n,d ^6 the universal curve over Ug^n,d- The 
universal curve over ^ is a union of three types of strata, depending on which 
component the extra marked point on Wg^^ - which we denote • - lies on 
(see also Figure 2.1): 

,712 + 1,^2 5 

^3 = ^gi,ni+l,di ^IX '^0,3,0 ^IX '^g2,n2+l+»,d2- 

The diagram below is a fiber square: 



Z1UZ2U Z; 



3 ^ 



^ U, 



g,n,d- 



Hence : i*T^^:ifi^a = T^*i*i^^:a. To compute j*i^*a we form the following fiber 
diagram: 

2 Z,,u 



Z1UZ2U Z3 



^ Kn,d- 



The space Z is simply the intersection of ZiU Z2U Zj, with 2,.^. Where 
the intersection is transversal one can simply write 2*i^^,a = i^^,j*a. On 
components where the intersection is not transversal, there is some excess 
bundle and j*i^*a = i^^,e{N)j*a. The strata Zi and Z-^ intersect the 
nodal locus Z,^^ in Wg^^ transversely along codimension four strata which 
can be seen as the nodal locus in Xg^,ni+i+»,di and Xg2^n2+i+»,d2 respectively. 



Hence the contribution to (3.25) is: 



On the other hand Z2 intersects 2,^^ along two codimension three strata of 
the form: 



Zl — Xgi,ni+I4i XlX '^0,3,0 ^IX ^0,3,0 ^IX '^g2,n2+l,d2- 
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Each gives a one dimensional excess normal bundle with Euler classes 1 — 
and 1 — L_ respectively. They project isomorphically to Z downstairs. Hence 
they contribute: 

(2-L+-L_)e<+i(F). 



Adding up, we get (3.25). 

We now prove formula 3.19| in Lemma 3^ It falls out easily by combining 



(3.18) with Lemma 3.8 More precisely we take i* of formula (3.18): the first 
term is computed in Lemma 3.8, the part supported on Vj vanishes and: 

t;t,.Oz^ = e(iV) = (1 - L_)(l - L+) (3.26) 

where N is the normal bundle of Z^^ in the ambient space. When we add 
this with (3.25) we get: 



(tt o «)*(7r,v*(e<+i(F) ® OzJ = p*(7r,z^,(e<+i(F) ® O^J)- 
p;(7r,z^,(e<+i(F) ® O^J) + (e<+iF ® (1 - L+L_)) , 

as stated. 

Proposition 3.9. The following hold: 

a. T^*Cg^n,d = Cg,n+l,d ■ n n "^^^ ) ® ^j^^v,) 

j=l 5=1 

fi 5=1 

/ V 

■ {evl X ev*_)A^, U^niQ^F's,),) ® (1 - L+L_))) 



(3.27) 



(3.28) 



(3.29) 



^5=1 



c. p*(z7)*7r*C,,„,rf 



^5=1 



(3.30) 



Proof: the equalities (3.28) and (3.29) are immediate consequences of 



(3.18) and (3.19) and of the multiplicativity of the classes Cg^n,d- We will use 
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(3.28 



) in a different form, transforming tlie product into a sum: 



n tc 



vr*C,,„,rf = C,,„+M -1111(1 + (-e<+i(F5^J ® a,,Ox,,)) - l) 

i=l 5=1 



5=1 



i 5=1 

+ Y.^g,n+lA- (n^^ H<+l(i^5M)®V*^2j -1 ) ■ (3-31) 

Tflis fiappens because tlie classes — 1 are supported on Vi and Z and 

Vi ■ T>j = Vi ■ Zfj, = if i ^ j (we'll use the same trick in (4.6) below). 

We conclude the section by doing a short Grothendieck-Riemann-Roch 
computation which will turn out useful in the next section: 

Lemma 3.10. Let F G K^{X). Then 
ch (7r,«^,(e<+iF ® Oz^)) = tt.z^, {ch{evl^,F) ■ Td''{~L+ ® . (3.32) 

Proof: recall that r(/i) is the order of the distinguished node on Z^. We'll 
simply write r throughout the proof. 

We apply Toen's theorem A4]to the map f = n o i. The map vr is given 
in local coordinates near Z^^ by: 

{z,x,y)/Zr X Zr I— )■ {z,xy)/Zr 

where 2; is a vector coordinate along Z^^ and Z^ is given hj x = y = 0. The 
generator of ZrXZr acts on the {x, y) plane as follows: (x, y) 1— )■ (C"a;, C,^y) and 
necessarily by multiplication by C,""^^ on the base. So in this local description 
If maps r copies of the point (2;, 0, 0) to (2;, 0) on the base. Each copy has 
weight 1/r from Kawasaki's formula. The relativ tangent bundle is —L'^ ® 
LZ^ because the coordinate on the base ise = xy and is invariant with respect 
to the action. This proves the statement. 



4 Proofs of Theorems 



Proof of Theorem 1.3 this is an easy consequence of Tseng's result and of 



the commutativity of the operators Aq,. 
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Proof of Theorem 1.5 Remember that Bg^n,d is a product of muhiphcative 
characteristic classes. We'll prove the statement using induction on is- The 
case is = is trivial. Assuming the statement holds for i^ — 1, we'll prove the 
infinitesimal version of the proposition for tB- Namely assume the twisting 
class Big to be: 

= exp (^vichiTi^ (/(^r^ii) - /(I))) j • 

We compute: 



dVA,B,C^-l 



dvi 



A,B,C 



= E { n ■ <^hi7r^ ifiLnli) - /(I)) ■ 0.,M ) • (4.1) 

<i,n ' \i=l I g^n,d 

To compute c/i^tt* (/(L^j:^) — /(I)) above we apply Toen's GRR to the 
morphism vr to get: 

ch (vr,(/(L;|i) - /(I))) = /TT. (diUXL-l,) - f{l))Td^{Q^)) . (4.2) 

Notice that ch = ch because the last marked point is not an orbifold 
point. We have: 

ch{f{L-l^) - /(I)) = /(e-^"-) - /(I). (4.3) 

In our situation there are three strata on the universal curve which get 
mapped to Xg^n,d,{l,^,...,^^r^y■ 

• The total space A:'g,„+i,d,(^i,..,,^„,o)- 

• The locus of marked points 

• The nodal loci where ^ 0, i.e. the node is an orbifold point. 



But the expression on the RHS in (4.3) above is a multiple of ipn+i and i^n+i 
vanishes on the locus of marked points Vj and on the locus of nodes Z. Hence 
only the total space contributes to GRR. Exact sequences very similar with 



(5.7), (5.5) in Section 5 allow us to write the sheaf of relative differentials 



(see also [TSj ): 

= L„+i - ©"=i(cT,)*C)2?,,(,„....,„) - ^*L. (4.4) 
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Keeping in mind that the bundle L defined in Section 5 has trivial Chern 
character we get : 

n 

i=i 

We now use the fact that ipn+i ■ T^j = ^n+i ■ Z = Q (recall that T(i^(L„+i) — 1 
is a multiple of 'tpn+i) to rewrite the product above as a sum: 

n 

+Td''{-i,Oz) - 1. (4.6) 

The last n + 1 summands are classes supported on Vj and so they are 
killed by the presence of ip in /(e~'^"+^) — /(I). After all these cancelations 
we see that: 

ch {nMiL-U) - /(I))) = vr. ((/(e-'^-^^) - /(I)) ■ Td^{L^+^)) . (4.7) 



(4.7) is a linear combination of kappa classes Kaj = 7T^,{ev^_^_i(pa'ipn+i)- Now 
we pull the correlators back on the universal orbicurve. It is essential here 
that the corrections in the Cg^n,d classes are also supported on Vj and Z (as 
we can see from (3.31) ) and the presence of ipn+i kills them. Therefore (we 
denote by[/]/ the homogeneous part of degree / of /): 



d,n,g "''^s.i+i.d i=l \A:i>0 



[(/(e-'^"-) - /(I)) ■Trf^(L„+i)],^.r 

/3=1 



^ai^r'i---)- y^.^rn---)- (4.8) 

■^O.S.O •''^1.1,0 

The correction terms occur because the spaces ^^0,3,0 and Xi i^ are not uni- 
versal families. Notice that the first correction is always for dimensional 
reasons, and the second is 7^ only for m = (again for dimensional rea- 
sons), in which case equals ^ j^e{Tx). So the "new" twisting by the class 
Big has the same effect as the translation: 

t,(.) = t(.) + . - . n e„ (-^^Sip^T^) . 

7=1 V 2 / 
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because both potentials satisfy the same differential equation. To see this 
differentiate the potential VA,B{'tB{z)) in vi: 



dvi 



f{L-l,) - /(I) 

Ln+l — 1 



/3=1 



Ln+l — 1 



(4.9) 



But: 



because 



^n+i - 1 y 



/(I) 



- 1 



-I 

[(/(e-^-^)-/(l))-Trf^(W)],+i (4.10) 



n+l 



gV'n + l _ 1 



Plugging (4.10) in (4.9) we see that (4.9) and (4.8) are of exactly the same 
form. The potentials also satisfy the same initial condition at v = by the 
induction hypothesis. 



Proof of Theorem 1.6 we'll prove that 



1^A,B,C = exp Y: <«;,,5r*'^') 

\ a,b,a, 13,11 / 



(4.11) 



where ^.^ a are the coefficients of the expansion: 



Am* nti ((ri^5^)M ® (1 - L.)) - 1 



eif*(A'^,Q)[V^+]®if*(A'^i, 



(4.12) 



Here ■?/'+ = Ci(L+), = C\{LJ) and : — )■ A), (g) X^i is the composition 
(/(i X i) o A . The map: 



A^, : E\X^M) ^ i/*(A'^,Q) ® i/*(A', 
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extends naturally to a map, which we abusively also call A^* : 



by mapping z h-)- ip+^l + l^ip^ and the RHS of (4.12 ) should be understood 
in this way. 



Accordind to [C], relation (4.11) is equivalent to Theorem 1.6 



We'll prove (4.11) using induction on the total number X]/^ V twisting 
classes C^. If zTv ~ then the equality is trivial. Let now — ^■ 

Assuming (4.11) to be true for ^ V — 1, we'll prove the infinitesimal version 
of the theorem for X] V- More precisely fix an fiQ and let the multiplicative 
class C^" (we omit the lower index) be of the form : 



C:^o(E) = exp (^Wichi{E) 



(4.13) 



As we vary the coefficients wi we obtain a family of elements in the Fock 
space. We prove (4.11) by showing that both sides satisfy the same differ- 
ential equations with the same initial condition. Notice that the induction 
hypothesis ensures that both sides of (4.11) satisfy the same initial condition 
at w = 0. Moreover dVA^s/dwi = so on the RHS only the coefficients 



Aa°a-b 13 depend on wi. So if denote the RHS by G and differentiate it we get: 

(4.14) 



a,b 



dwi 



To compute dA^^^.^^j dwi we differentiate in wi relation (4.12) to get: 

a,a;b,l3 

I Vo \ 

■^,,Achi{{q*F),,{l-L+L_))\[cr{{q'F),,{l-L^L_)) . (4.15) 



(5=1 



But: 



chi{{q*F),,{l - L+L_)) = [ch{q*F),,{l - e 



(4.16) 



hence 

a,a;b,fi 



A 



MO* 




(4.17) 



7=1 
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Below we prove that T>a,b,c satisfies the same second order differential 
equation. The partial derivative of 'Da,b,c with respect to wi equals: 

^-1 d'DA,B,c _ 

^A,B,C - 



d,n 



Lemma [3.101 shows that: 



e<+ic/i(F) 



(4.18) 
. (4.19) 



Using (4.19) and the formula : 

{-Kj^a) ■ b 



[X, 



a ■ (vr o iyb 



[Z] 



we puUback the RHS of (4.18) on Z. Moreover we use Proposition 3.1 to 
pullback the correlators on the factors Xg^^ni+i4i x '^g2,n2+i,d2- 

The classes [Xg^n,d\^^ pullback as in formulae (3.2), (3.3). As a conse- 
quence we see that if we define the coefficients ^.^ ^ by: 

= A 



Mo* 



ch{q*F)^ 



we can express ( 4.18[ ) as: 



'MO 



\<5=1 



Mo 



:i - L+L_ 



(4.20) 



V 



_i dV 



A,B,C 



A,B,C~ 



E 

gi,ni,d, 



dwi ^ — ' ni\n2 

gi,Tii,di 

■ (t; • • • ; t, ^Q°a;fe,^V^a,AtoV'+; ©Si.ni+l.di 



a,b,a,/3 



gi,ni+l,di 



X ( t, . . . , t, ^li^f,l1p_ ; 0g2,n2+l,rf2 > + 
\ ' 32, "2 + 1,^2 



+ X ■ (t t,A^:°'' 



g,n,d 



2 n! 



" / q— l.n 



h2,d 



(4.21) 
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Hence the generating function Va,b,c satisfies the equation: 



dV 



A,B,C 



dwi 



a,b 



'^A,B,C- 



(4.22) 



Comparing (4.17) with (4.20) we see that 



^^a,a;b,P 

dwi 



/I MO:' 

a,a;b,l3- 



(4.23) 



Therefore both sides of (4.11 ) satisfy the same PDE. The theorem follows. 



Remark 4.1. According to [Cj (pages 91 — 95) this change of generating 
function corresponds to a change of polarization, namely we regard the po- 
tential 'Da,b,c as an element of the Fock space Tic = 'H+ © 'H-^c ■ The 
corresponding element in H = 7/+ © with the usual polarization is ^. If 



{O-a'^^Pb}^ {^a'^iPb} Darboux coordinates systems on 1-L, respectively 
l-Lc then this change of polarization is given in coordinates by: 



pI'^ = Pb^, 



ra' = C'-Y.<o.;byb'- (4.24) 



a,b 



Example 4.2. Let A* be a manifold and let C{TT^:i^:Oz) = Td{—n^i^:Oz) 
Then Aa^a;b,i3 don't depend on a or (3 and we have: 



C(l -L+L_) = Tct^{L+L, 

This gives: 



a,b 

According to ^Cj the expansion of : 



- V'- 



^ V - (e^--l)* 



1 _ 6^++^-- A^(i_eV'+) 

fc>0 ^ ^ 



gives a Darboux basis on Tic in the sense of Theorem 
span T-L-. 



1-6 i-e. ^aj^z^w^y^ 
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5 Quantum fake Hirzebruch-Riemann-Roch 



As a first application we recover the quantum Hirzebruch-Riemann-Roch 
theorem of [Cj, which expresses the potential of the fake cobordism theory 
in terms of the cohomological one. Throughout this section, X will be a 
complex smooth manifold. 

We first briefiy review some basic background facts on complex-oriented 
cohomology theories. A more detailed review is given in [C]. 

Definition 5.1. A complex-oriented cohomology theory is a multiplicative 
cohomology theory E* together with a choice of element ue G E'^[CF°°) such 
that if j : CP"^ — > CP°° is the inclusion then j*{uE) is the standard generator 
of E^' ^ 



We denote the ground- ring by -R^; := E*{pt.). One can define Chern 
classes satisfying the usual axioms such that i*{uE) is the first Chern class 
of the Hopf bundle. The Chern-Dold character is the unique multiplicative 
natural transformation: 

chE : E*{X) H*{X,Re) 

which is the identity if X = {pt}. 

In particular chE{uE) is a power series in z, where z is the standard 
orientation of H*{X, Re)- We denote it ue{z). The Todd class is the unique 
multiplicative class which for a line bundle L is: 



ue{ci{L))' 



We now fix the cohomology theory to be complex cobordism MU* . For 
a given MW{X) is defined as: 

MU\X) := /zmj^oop^'X, MU{i+])l 

where [ , ] denotes homotopy classes of maps and MU (k) are the Thom 
spaces. 

Cobordism is universal among complex-oriented cohomology theories in 
the following sense: for any other cohomology {E,ue) there is a unique 
natural transformation MU — )• E which maps u to ue (we will write u,R 
etc. instead of umu, Rmu)- If ^ has complex dimension n, MW{X) can 
be identified with the complex bordism group MU2n-i{X) . This is Poincare 
duality for complex cobordism and bordism. The image of u under the Chern- 
Dold map is a formal power series u{z), where z is the first Chern class of 
the universal line bundle. 
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The ground-ring of the cobordism is R := MU*{pt.) = C[pi,p2, ■ ■ ■] (we 
tensored with C) where Pi is the class of the map CP' — ?■ pt.. For a l.c.i. 
map / : X — 7- y there is a push-forward and a Hirzebruch-Riemann-Roch 
theorem hich says the diagram: 

MU*{X) ''""•^'^^^^) H*{X,R) 



MU*{Y) H*(Y,R) 

is commutative. We define "fake" cobordism-valued Gromov-Witten invari- 
ants to be given by the above theorem apphed to the morphisms Xg^n,d 
{pt}. 

Denote by Tg^n,d the virtual tangent bundle to Xg^n,d- The genus-t? descen- 
dant cobordism-valued potential (called "extraordinary potential" in [Cj|) is 
defined as: 



^ilU •= 5Z ~ / n \ }l'^hMu{eV*tkU{ll),f) J ■ TdMu{Tg.n,d)- 

d,n ^' ^i^s,n,d] i=i \k>0 J 

It is a formal function of 

t{u) := ^tfcU*^ G MU*{X)[[u]] 

k>0 

which takes values in the ring The total extraordinary potential is: 



VMu-=exp[Y,^'~'j'l 

k9=0 



■a 

MU 



We define U to be the space: 

U:=MU\XX[mm] 
The symplectic form on U is: 

^Aw(f,g):= i {i{u{z),g{u{-z))^jjjdz 

Jz=0 

with the pairing : 



(a,/3)^^^ = / chMu{a) ■ chMuW) ■ TdMu{Tx] 
Jx 



33 



The space U+ of the polarization on U is defined to include all power series 
in u. If we expand: 



fc>0 

then W_ is defined as the span of all 4>aVk{u) for all k > 0, (f)a ^ MU*{X). 
It is shown in [0] that these two subspaces realize a polarization of U. To 
show how the extraordinary potential is related to the cohomological one we 
define a modification of "H: 

nMu:=H*{X,R[[Q]])iiz)). 

The pairing and symplectic form on T-Lmu (henceforth denoted Ti) are defined 
in the obvious way. The map: 

chMu ■Vl-^'H 

k \ k / 

is a symplectomorphism which maps U+ to but it doesn't map W_ to 
H-. Let 

q(^) = ^TdMuiTxmz) + u{-z)). (5.1) 

We regard F^u ^ function of q(2;) (hence a function on via the iden- 
tifications above. Let V be the quantized linear symplectic transformation 

V := exp [AaMs'^^dy^ 
with Aa^a;b,i3 giveu in Example 4.2. Let: 

/ dimiX) 

A:=expij2Y: s.^-.,^^,ch,(Tx)z--'^ \ (5.2) 
yjn>0 1=0 \ )■ 

where Sk are defined by: 
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Theorem 5.2. We then have: 



Vmu ~ VAP. 

The proof wiU be a consequence of the description of the virtual tangent 
bundles to Xg^n,d as linear combinations of classes of type A, B, C: 

Proposition 5.3. 

Tg,n,d ■= vr=,e<+i(Tx - 1) - 7r*(L;;^i - 1) - (vr^i^C^)^ . (5.3) 

Proof: we follow closely the computation in the dissertation [C] . However 
the proof there, while leading to the same formula, is a bit imprecise in 
assuming that L^+i restricted to Z is the trivial line bundle. Recall that 
Z is the nodal locus in the universal family and that it is parametrized by 
Z which is a fiber product of moduli spaces of maps of lower genus. The 
gluing map Z ^ Z is generically 2 to 1. The symmetry on Z permuting the 
two marked points which become the node after gluing acts non-trivially on 
the fibers of i*Ln+i above the fixed point locus. Hence i*L„_|_iis a non-trivial 
(orbi) bundle on Z. We denote it by L. More precisely let L' be the Z2 
equivariant line bundle on Z which is 2 x C as a set and on which — 1 G Z2 
acts by : 

{x,v) {—1 ■ X, —v) for X E Z] w G C; 
Then L = L'/Zs. 

Let (C, Xi, . . . Xn) be a point in Xg^n,d and let D be the divisor of marked 
points D = T>i + . . . + T>n- Then (see [Cj and the references therein): 

=7T,{ev*Tx)-M^l{-D)). (5.4) 

Roughly the first summand acounts for deformations of the map, the second 
for infinitesimal automorphisms of the curve (C, xi, . . . , x„) and the third 
for deformations of the complex structure of C and smoothing of the nodes. 
Denote by cu^ the dualizing sheaf of the universal family. According to ^ 
we have the exact sequence: 

^ ^ Ln+l ^ ®j(Tj^{OT,^) ^ 0. (5.5) 

Using Serre duality and the relation given by the above exact sequence the 



second summand in (5.4) becomes: 

-7i,{nl{-D j) = [n,{Q^{D) ® co^)]'' = [n,{n^ ® Ln+i)]'' . (5.6) 
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There is an exact sequence: 

— 7- — > — 7- z*L — !■ 0. 



(5.7) 



First notice that and coincide away from Z. Near a point of Z the 
map 71 can be described locally by: 

TT : {z,x,y) iz,xy) 

where ^ is a (vector) coordinate on Z viewed as an orbifold chart for Z and 
the symmetry —1 G Z2 interchanges x and y. Locally sections of have the 
form 



f(z,x,y) 



dx A dy 
dixy) 



and of Qt, are of the form g{z,x,y)dx + h{z,x,y)dy where we impose the 
relation xdy + ydx = 0. There is a natural inclusion: 



f^TT y UJjY 

g{z, X, y)dx + h{z, x, y)dy h-> {xg{z, x, y) - yh{z, x, y)) 



dx A dy 
dixy) 

Sections in the cokernel are represented by elements of the form : 

dx A dy 

This is identified with i^,L because the symmetry acts non-trivially on dxAdy. 
This estabhshes (5.7). 



We now use (5.7) to rewrite Q,, = — i^L and then plug in (5.6): 

[n^{n^ (g) L„+i)]^ = [n^iuj^ ® iv„+i)]^ - [n^{i^{L) O L„+i)]^ . 



(5. 



The first term in (5.8) equals — 7r*[L,„^^] by Serre duality again. Replacing 
in (5.8) we get: 



[7T^{Q^ ® Ln+l)] = -7r4-^v,„+i] - [7lJ*{L (g) i*Ln+i)] (5.9) 



But i*Ln+i = L and = 1. Hence the last term in (5.9) is — (7r=i,i^,C^) . 
Formula (5.3) then follows by plugging (5.9) in (5.4). 



Proof of Theorem |5.2[ we regard the Todd class Tduu as a family of 
multiplicative classes depending on the parameters s,. Then the twisting 
theorems apply: 
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twisting by TdMu {'^*^v^+i(Tx — 1)) corresponds to acting by the op- 
erator A on the potential V according to Remark 



1.4 



twisting by TcImu (~^*(-^ri+i ~ 1)) accounts for the dilaton shift (5.2) 
according to Theorem |1.5[ 



• twisting by the class TcLmu {~ {T^*i*OzY)'- according to the proof of 
Theorem 1.6 and Example 4.2 is tantamount to acting on the potential 
by the operator V . 

By looking only at genus we easily deduce the following: 

Corollary 5.4. The graph of the generating series J^mjj-, viewed as a formal 
function of q(z) with respect to the polarization 

Hmu = V-+® {<PaVk{u{z))\k > 0,0, G H*{X,R)} (5.10) 

is a Lagrangian cone Cmu- It is obtained from the cohomological cone £^ 
after rotating by the symplectic transformation A. 



6 Applications to the GW theory of X x i?Z^ 

In this section we apply the results to the Gromov-Witten theory of the 
orbifold X x -BZ^, where X is a smooth complex manifold. The motivation 
lies in the study of the quantum K-theory of X developed in |GTj . Below 
we list the results used in that paper. Let G be a finite group and let 
X = X X BG, the stack theoretic quotient. We denote by [7^] the conjugacy 
class of 7j G G and by C{'~f) the centralizer of 7. The inertia stack of X/G is 
the disjoint union IJj([7«]' ^/^(7i))- Therefore : 

H*iIiX/G)X) = ®[,^]H*iXX). 

Denote by e[^,^] := 1 G H* {{[^l pt / C {[^i]))) . A basis of /7*(([7^], X/C(7.))) is 
given by ipa x e[^.], where {^Pa} is a basis of H*{X, C). The Poincare pairing 
is given by : 



\ci%)\ 



X 



The J function is defined as: 

Mt, Z) = -Z + t{z) + J2 ^(^2), • • • , t{i^n))n f- (6-1) 

n,d ^ ^ 
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where {0a}, {4'"'} are dual basis. We use results of |JK] to express the corre- 
lators in terms of correlators on XQ n,d- In fact there is a finite degree map: 
(X X 5Z„)o,„,d,([7i],...,[7„]) -> Xo^n,d- In [JK] it is shown the degree equals 

1X^(7)1 
IGI ' 

where 

n 

i=i 

Since the ip classes in the correlators are puUbacks of ip classes from the 
coarse curve it follows that: 

iU^fievKU X e[,,]))J/2 = ^^(n^f'e^:(^0)Jn,. (6.2) 

i ' ' i 

where U e H*{X). 

From now on, let G = Z^- Denote by td(^ the multiplicative class defined for 
line bundles L by: 

We twist the cohomological potential of X with 3 types of twisting classes 
as follows: 

• the type A classes we take to be: 

m—l 

td{n^ev*{Tx)) tdc^{''^*<^'v*{Tx ® C^fc)). 

k=l 

The effect of the type A twisting is: 

Corollary 6.1. The cone rotates by the loop group element: 



m—l 
j=0 
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where we think of Lx as a product of m copies of Lx and each operator 
□j acts on the copy corresponding to the sector labeled by gK Let 
[/cj/m] denote the greatest integer less than kj /m. The operators are 
Euler-MacLaurin expansions of the products: 



Xi — rz 
e~ 

m— 1 oo 



^ J. J. J. J. ]^ p—mxi+mrz ' 

i r=l 



Xi — rz 



J. J. J. J. J. J. ][ ^—Xi+rz-(k'j /m—lkj /rn\)z' 

k=0 i r=l ^ 



the type B classes : 



m— 1 



k=l 

Corollary 6.2. The dilaton shift changes from q{z) = t{z) — z to 
q{z) =t(z)-(l-e™^). 

Proof: We apply Theorem |1.5| to the potential J-". 

In our case = — ei;*_|_^(C^) L^li we have: 

f ] - 



So according to Theorem 1.5| (fix ( primitive m root of unity) the 
translation is: 



m—l 



t{z) := t{z) + ^ - ^ n Td^^{-C^kL-'^] 



k=0 

1 — e 



:= t{z) + z- z^^ C'e^) = t(^) + z-{l- e'"^). 

(6.3) 



z 

k=l 



the type C classes we take to be: we twist by the class Td"^ {—T^^ig^Ozg] 
the nodal locus Zg] the locus Zq of nonstacky nodes by: 



m—l 



trf^(-7r,(z,C2„)) n tdlu{-T^S*Oz,®ev*C^u)). 



k=l 

We don't twist the other nodal loci. 
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Corollary 6.3. The nodal twisting changes the polarization in the sec- 
tors and {X,g) of IX. The new Darhoux basis are given by 
expansions of 



1 



for {X, 1) and 



for {X,g). 



1 



1 



1 - e 



Proof.: according to Theorem 
sector are given by: 



1.6 



the coefficients A^^^ ^^^^ in the untwisted 



1 1 



1 



Then (see Example 4.2 and [Cj) the Darboux basis is given by the ex- 
pansion of ^_^m4,\+m^_ ■ In the same way the coefficients A^aabfs given by 
expansion of: 

{Td^{L+L^ - 1) - 1) 1 1 



and hence the polarization is given by the expansion 



A Grothendieck-Riemann-Roch for stacks 



The main tool for proving Theorems L3 L5 and L6 is a generalization of 
Grothendieck-Riemann Roch theorem for morphisms of stacks due to B.Toen 
( |TN] ) . Before stating it we will introduce more notation: 

Definition A.l. Define Tr : K^{X) -> K^{IX) to be the map: 

F ^ ®Xi{g)F, 

on each component {g, X^) of the inertia stack, where Fi is the decomposition 
of the g action and Xi{g) is the eigenvalue of g on Fi. 
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Definition A.2. Define ch : K^{X) H*{IX) to be the map ch o Tr. 

Now each vector bundle E on X restricts on each connected component 
{g, Xfj) of the inertia stack as the direct sum Einv ® Emov 

Definition A.3. Define fd{E) : K%X) H*{IX) to he the class: 



;fr, _ Td{Einv) 
~ ch{Tr o \_^{E„ 



■'mov ) 



where A_i is the operation in K-theory defined as X^iiV) := Ylia>o^~^Y ^"^^ ■ 
We can now state: 

Theorem A. 4. Let f : X y he a morphism of smooth Deligne Mumford 
stacks. This induces a morphism If : IX ly . Then under some nice 
technical assumptions we have: 



chU*E) = If, {ch{E)Td{Tf)) . (A.l) 

Restricting to the identity component y of ly we get: 

chU.E) = If, {di{E)fd{Tf\if^.y) . (A.2) 

The universal curve vr, to which we apply Theorem AA\ is not necessarily 
a local complete intersection, so following jTSj we proceed as follows. The 
construction in |AGOTj provides a family of orbicurves 

^■M^M (A.3) 

and an embedding Xg^nA — ^ M. satisfying the following properties: 

• The family U ^ M. pulls back to the universal family over <^g,n,cz- 

• A vector bundle of the form ev^j^i{E) extends to a vector bundle over 
U. 

• The Kodaira-Spencer map T^AI — )■ Ext^{Ourn,Ou,ri) is surjective for 
all m G A^. 

• The locus Z G U of the nodes of tt is smooth and 7r(2) is a divisor 
with normal crossings. 
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• The pull-back of the normal bundle Nz /u to the double cover Z given 
by choice of marked points at the node is isomorphic to the direct sum 
of the cotangent line bundles at the two marked points. 

So technically we apply Grothendieck-Riemann Roch to tt and then cap 
with the virtual fundamental classes [^g,n,cz]*"'- Therefore in the computations 
we assume the universal family tt satisfies the above properties. 
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